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Abstract 
Thomassen, 1994 showed that all planar graphs are 5-choosable. In this paper we extend this 
result, by showing that all Ks-minor-free graphs are 5-choosable. (~) 1998 Elsevier Science B.V. 
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1. Introduction 
All graphs considered in this paper are simple, finite, and undirected. The concepts 
of list coloring and choosability were introduced by Vizing [6] and independently by 
Erd6s et al. [3]. A list assignment of G is a function L that assigns to each vertex 
vE V(G) a list L(v) of colors. An L-coloring is a function 2: V(G) ~ U~L(v) such 
that 2(v)E L(v) for every v E V(G) and 2(u) # 2(v) whenever u, v are adjacent vertices 
of G. If  G admits an L-coloring then it is L-colorable. A graph G is m-choosable if, 
for every list assignment L with IL(v)[ >~m for all v E V, there exists an L-coloring 
of G. 
Thomassen [5] showed that all planar graphs are 5-choosable. In this paper we 
extend this result, by showing that all Ks-minor-free graphs are 5-choosable. The proof 
is based on the following two theorems. 
Theorem 1.1 (Halin [4]). Every 4-connected non-planar graph contains K5 as a 
minor. 
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Theorem 1.2 (Thomassen [5]). Let G be a near-triangulation with outer walk 
C=vlv2.. .VpVl and let L be a list assignment of G such that [L(v)l~>3 for every 
v E V(C) and [L(v)l 1>5 for every v E V(G)\V(C). Suppose that 2 is an L-coloring of 
{vl, v2}. Then 2 can be extended to an L-coloring of G. 
In what follows, we will frequently use the following definitions. Cycles of length 
k are called k-cycles. A cycle C in a plane graph G is called separating if both the 
interior and exterior of C contain vertices of G; then Int(C) is the graph of all vertices 
and edges inside or on C, and Out(C) is defined similarly. A plane graph is a near- 
triangulation if the boundary of every face, except possibly the outer face, is a 3-cycle. 
A near-triangulation is called a triangulation if the boundary of the outer face is also 
a 3-cycle. By contracting an edge, we mean deleting it from the graph and identifying 
its endvertices. A graph H is a minor of G if we can obtain H from some subgraph of 
G by contracting some of its edges, and G is H-minor-free if H is not a minor of G. 
Let x and y be two different vertices of G. Since we consider only simple graphs, we 
denote by G U {xy} the graph obtained from G by connecting x and y if they are not 
adjacent. 
2. 5-choosability 
The following lemma is an easy consequence of Wagner's Theorem [7] (see also [2, 
Theorem 8.3.4]) which characterizes the class of edge-maximal Ks-minor-free graphs. 
One can also give a straightforward proof of this lemma which is very similar to the 
proof of Theorem 1.1 (above) given in [1, pp. 252-253]. 
Lenuna 2.1. Let G be a 3-connected non-planar graph with only one 3-cut T = {Xl, 
x2,x3}. Suppose that G\T  has exactly two components. Then G contains 1£5 as a 
minor. 
Lenuna 2.2. Let G be a Ks-minor-free graph and let L be a list assignment of G 
such that IL(v)l/>5 for every vertex v E V(G). Suppose that H is a subgraph of G 
isomorphic to K2 or K3 and suppose that 2 is an L-coloring of H. Then 2 can be 
extended to an L-coloring of G. 
Proof. Suppose the lemma is false, and let G be a counterexample with IV(G)[ as 
small as possible. Clearly, by the minimality of G, G is connected. 
Let T={xl , . . . ,xt} be a cut of G with t as small as possible. Let G1 and 6;2 
be induced subgraphs of G such that G1UGe=G and V(G1)tq V(Gz)=T.  We may 
assume that H C G~. 
Claim 1. G is 3-connected. 
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Suppose that G is not 3-connected. Then t = 1 or 2. For i --- 1 and 2, let Hi -- Gi if 
t = 1 and Hi ~ Gi tA {xlx2} if t = 2. Note that, in both cases, H1 and H2 are Ks-minor- 
free. By the minimality of G, first extend 2 from H to /-/1. I f  t = 1, then let x2 be a 
vertex in//2 adjacent o xl and let 2(x2)E L(xz)\{2(Xl )}. Now extend )~ from {xl,x2} 
to//2. So we have extended 2 to G, a contradiction. 
Claim 2. G & non-planar. 
Suppose that G is planar. I f  H~-K2, then let V(H)={u,v}. We may assume that 
edge uv lies on the outer walk of G and that G is a near-triangulation. Now use 
Theorem 1.2 to extend 2 to G. 
So assume that H~-K3 and let V(H)={u,v,w}. I f H is not a separating 3-cycle, 
then we may assume that H is the outer walk of G and that G is a triangulation. Let 
G' = G\{w} and let L' be the list assignment of G' such that L'(x) =L(x)\{),(w)} i fx  
and w are adjacent and L'(x)=L(x) otherwise. Now, by Theorem 1.2, extend 2 from 
{u, v} to G' and we are finished. 
If H is a separating 3-cycle of G, then let G1 =Int (H)  and G2 =Out(H).  By the 
same reasoning as above, we can extend 2 from H to G1 and G2 and so obtain an 
L-coloring of G, a contradiction. 
Since G is Ks-minor-free, by Claims 1 and 2 and Theorem 1.1 it follows that t = 3. 
Let H i = Gi (3 {xlxz ,xzx3,x3x1} for i=  1,2. 
Claim 3. G1 ~-K1,3. 
Suppose that G1 ~KI,3. Since G is 3-connected, G1 can be contracted to a/(3 whose 
vertices are xl, x2 and x3. This implies that //2 is Ks-minor-free. If  HI is also /(5- 
minor-free, then we can first extend 2 to Hi and then extend 2 from {xl,x2,x3} to//2, 
giving a contradiction. Therefore, HI must contain Ks as a minor. Now, it follows that 
G2 ~Ki,3, since, otherwise, we can contract G2 to a K3 whose vertices are xl,xz,x3, 
and so obtain Ks as a minor of G. Let V(G2)= {xl,x2,x3,v}, so that v is a vertex of 
degree 3 in Gz, and let G'---G\{v}. By the minimality of G, extend 2 to G'. After 
that set )~(v)E L(v)\{2(xl ), 2(x2), 2(x3)} and we have extended 2 to G, a contradiction. 
By Claim 3, it is easy to see that T is the only 3-cut in G and G\T has exactly 
two components. Thus G satisfies the assumptions of Lemma 2.1, which implies that 
Ks is a minor of G. This contradiction completes the proof. [] 
An easy consequence of Lemma 2.2 is the following theorem. 
Theorem 2.3. Every Ks-minor-free 9raph is 5-choosable. 
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